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Abstract

We discuss the path integral formulation of quantum mechanics and use it to derive
the S matrix in terms of Feynman diagrams. We generalize to quantum field theory,
and derive the generating functional Z[.J] and n-point correlation functions for free
scalar field theory. We develop the generating functional for self-interacting fields
and discuss ¢* and ¢ theory.



1 Introduction

Thirty-one years ago, Dick Feynman told me about his ‘sum over histo-
ries’ version of quantum mechanics. ‘The electron does anything it likes’,
he said. ‘It goes in any direction at any speed, forward and backward in
time, however it likes, and then you add up the amplitudes and it gives
you the wavefunction.” I said to him, ‘You’re crazy’. But he wasn’t.

F.J. Dyson!

When we write down Feynman diagrams in quantum field theory, we proceed with
the mind-set that our system will take on every configuration imaginable in traveling
from the initial to final state. Photons will split in to electrons that recombine
into different photons, leptons and anti-leptons will annihilate one another and the
resulting energy will be used to create leptons of a different flavour; anything that
can happen, will happen. Each distinct history can be thought of as a path through
the configuration space that describes the state of the system at any given time.
For quantum field theory, the configuration space is a Fock space where each vector
represents the number of each type of particle with momentum k. The key to
the whole thing, though, is that each path that the system takes comes with a
probabilistic amplitude. The probability that a system in some initial state will end
up in some final state is given as a sum over the amplitudes associated with each path
connecting the initial and final positions in the Fock space. Hence the perturbative
expansion of scattering amplitudes in terms of Feynman diagrams, which represent
all the possible ways the system can behave.

But quantum field theory is rooted in ordinary quantum mechanics; the essen-
tial difference is just the number of degrees of freedom. So what is the analogue of
this “sum over histories” in ordinary quantum mechanics? The answer comes from
the path integral formulation of quantum mechanics, where the amplitude that a
particle at a given point in ordinary space will be found at some other point in the
future is a sum over the amplitudes associated with all possible trajectories joining
the initial and final positions. The amplitude associated with any given path is
just €, where S is the classical action S = J L(q,¢) dt. We will derive this result
from the canonical formulation of quantum mechanics, using, for example, the time-
dependent Schrodinger equation. However, if one defines the amplitude associated
with a given trajectory as €, then it is possible to derive the Schrédinger equation?.
We can even “derive” the classical principle of least action from the quantum am-
plitude €. In other words, one can view the amplitude of traveling from one point
to another, usually called the propagator, as the fundamental object in quantum
theory, from which the wavefunction follows. However, this formalism is of little

!Shamelessly lifted from page 154 of Ryder [1].
2 Although, the procedure is only valid for velocity-independent potentials, see below.



use in quantum mechanics because state-vector methods are so straightforward; the
path integral formulation is a little like using a sledge-hammer to kill a fly.

However, the situation is a lot different when we consider field theory. The
generalization of path integrals leads to a powerful formalism for calculating various
observables of quantum fields. In particular, the idea that the propagator Z is the
central object in the theory is fleshed out when we discover that all of the n-point
functions of an interacting field theory can be derived by taking derivatives of Z.
This gives us an easy way of calculating scattering amplitudes that has a natural
interpretation in terms of Feynman diagrams. All of this comes without assuming
commutation relations, field decompositions or anything else associated with the
canonical formulation of field theory. Our goal in this paper will to give an account
of how path integrals arise in ordinary quantum mechanics and then generalize these
results to quantum field theory and show how one can derive the Feynman diagram
formalism in a manner independent of the canonical formalism.

2 Path integrals in quantum mechanics

To motivate our use of the path integral formalism in quantum field theory, we
demonstrate how path integrals arise in ordinary quantum mechanics. Our work
is based on section 5.1 of Ryder [1] and chapter 3 of Baym [2]. We consider a
quantum system represented by the Heisenberg state vector |¢)) with one coordinate
degree of freedom ¢ and its conjugate momentum p. We adopt the notation that
the Schrodinger representation of any given state vector |¢) is given by

|6,t) = "), (1)

where H = H(q,p) is the system Hamiltonian. According to the probability inter-
pretation of quantum mechanics, the wavefunction (g, t) is the projection of |, t)
onto an eigenstate of position |¢). Hence

¥(g,t) = (al, t) = (g, t|), (2)
where we have defined '
g, t) = ¢™']q). (3)
|q) satisfies the completeness relation
(ald') = d(qa—q'), (4)

which implies
() = / dq' (gl Y 1), (5)

or

1= / dg'lg) . (6)
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Figure 1: The various two-legged paths that are considered in the calculation of
{ar:trlgis ti)

Multiplying by e on the left and e~** on the right yields that
1= [ g )0 1) 7)
Now, using the completeness of the |g,t) basis, we may write

Y(gp,ty) = /d(Ii<Qfatf|Qi7ti><%’ati|¢>
= /dqz'<Qfaff|qz',tz’W(quti)‘ (8)

The quantity (gf,ts|gi,t;) is called the propagator and it represents the probability
amplitudes (expansion coefficients) associated with the decomposition of 9 (qy,ts)
in terms of ¥(q;,t;). If 1(qg;, t;) has the form of a spatial delta function §(qp), then
¥(qg,ty) = (qf,trlqo, ts). That is, if we know that the particle is at gp at some time
t;, then the probability that it will be later found at a position gy at a time t; is

P(gg,triqo.ti) = [ay. trlai, to)|*- 9)

It is for this reason that we sometimes call the propagator a correlation function.
Now, using completeness, it is easily seen that the propagator obeys a composi-
tion equation:

(af,tslaists) =/dch(Qf,tf\Q1,t1><Q1,t1|qz',ti>- (10)

This can be understood by saying that the probability amplitude that the position
of the particle is ¢; at time #; and gy at time ¢y is equal to the sum over g; of the
probability that the particle traveled from ¢; to ¢; (at time ¢;) and then on to gy.
In other words, the probability amplitude that a particle initially at g; will later
be seen at gy is the sum of the probability amplitudes associated with all possible



Figure 2: The famous double-slit experiment

two-legged paths between ¢; and gy, as seen in figure 1. This is the meaning of
the oft-quoted phrase: “motion in quantum mechanics is considered to be a sum
over paths”. A particularly neat application comes from the double slit experiment
that introductory texts use to demonstrate the wave nature of elementary particles.
The situation is sketched in figure 2. We label the initial point (g;,t;) as 1 and the
final point (gf,tf) as 2. The amplitude that the particle (say, an electron) will be
found at 2 is the sum of the amplitude of the particle traveling from 1 to A and
then to 2 and the amplitude of the particle traveling from 1 to B and then to 2.
Mathematically, we say that

(2[1) = (2]A) (A1) + (2[B)(BI1). (11)

The presence of the double-slit ensures that the integral in (10) reduces to the two-
part sum in (11). When the probability |[(2[1)|? is calculated, interference between
the (2|A)(A|1) and (2|B)(B|1) terms will create the classic intensity pattern on the
screen.

There is no reason to stop at two-legged paths. We can just as easily separate
the time between t; and t¢ into n equal segments of duration 7 = (t; —t;)/n. It
then makes sense to relabel tg = ¢; and ¢, = ty. The propagator can be written as

(Gn, tnlgo, to) = /d(h o dgn—1 (qns tn|@n—1,tn-1) - - - (q1, t1]q0, to)- (12)

We take the limit n — oo to obtain an expression for the propagator as a sum over
infinite-legged paths, as seen in figure 3. We can calculate the propagator for small
time intervals 7 = t; 1 —t; for some j between 1 and n — 1. We have

77,'Htj+1 e+thj

<Qj+1,tj+1\qj‘, tj> = <Qj+1|@ ’(Jj>
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Figure 3: The continuous limit of a collection of paths with a finite number of legs

= (gj+1|(1 = iHT 4+ O(7%)|q;)
= 0(qj+1 — q5) — i7(qj+1|H|qj)
1 i . . iT
= 27T/dpt‘/’p(q”l %) — %<QJ’+1\PQ|%>
—i7(gi+11V (9)lgj), (13)

where we have assumed a Hamiltonian of the form

H(p,q) = 2% +V(q). (14)

Now,
(@is1lpla;) = / dpdp’ (g l7") @10 1p) 0lay), (15)

where |p) is an eigenstate of momentum such that

plp) = p)p, <qlp>=\/12—weipqv (plp') = d(p —p). (16)

Putting these expressions into (15) we get

1 e
<Qj+1\p2’(Jj> — 2W/d]opZelp(%H qJ)’ (17)

where we should point out that p? is a number, not an operator. Working on the
other matrix element in (13), we get

(gj+11V(D)gj) = (gj+11a;)V (g5)
= 6(gj+1 — ¢;)V(g5)

— 1/dp€ip(QJ+1_qj)V(q.)'
2 J



Putting it all together

1 e .
(gj+1,tiv1]g, ;) = — [ dpePlu+1—%) [1—irH(p,q;) + O(r)]

2
1 ) Agq;
= 27T/dp exp [ZT (pTJ—H(p,qj))} :

where Ag; = ¢j41 — ¢;. Substituting this expression into (12) we get

n—1 n—1
dg; dp; . Agj
{(@n,tnlqo, to) = /dpo H o €xXp |17 ZT <pj Tj - H(pjv q]') . (18)
=1 =0

In the limit n — oo, 7 — 0, we have

n—1 t n
" Agj dq . dg; dp;
Soro [Ta SE g [T, (19)
j=0 to =1
and .
(anstalaosto) = [ da] ] exp { dt [pd — H(p, q)]} . (20)
to

The notation [dg] [dp] is used to remind us that we are integrating over all possible
paths q(t) and p(t) that connect the points (qo,to) and (g, t,). Hence, we have
succeed in writing the propagator (gn,t,|qo,t0) as a functional integral over the
all the phase space trajectories that the particle can take to get from the initial
to the final points. It is at this point that we fully expect the reader to scratch
their heads and ask: what exactly is a functional integral? The simple answer is a
quantity that arises as a result of the limiting process we have already described.
The more complicated answer is that functional integrals are beasts of a rather
vague mathematical nature, and the arguments as to their standing as well-behaved
entities are rather nebulous. The philosophy adopted here is in the spirit of many
mathematically controversial manipulations found in theoretical physics: we assume
that everything works out alright.

The argument of the exponential in (20) ought to look familiar. We can bring

this out by noting that
1 T 1 Ag; \ 2
= [ ap: ezT[pz - H(p“qz)] — — exp {iT 7;( CIz> ~V(g) }
T

2T 2T

. N\ 2
y /dpi exp [_ZT ( B mAqZ)
2m T
= ( mn )1/2ex T m Adi
- \2mir P

2
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Using this result in (18) we obtain

n—1 n—1 2
m_\n/2 . m [ Ag;j
<Qnatn|QOat0> = <27Ti7‘> /quiexp 7 g T E <7-]> _V(qj)
i=1 j=0

R N/[dq] exp [z /t: dt (;mf _ V(q))] , (21)

where the limit is taken, as usual, for n — oo and 7 — 0. Here, N is an infinite

constant given by
n/2
N:hm(m,> . (22)
2miT

We won’t worry too much about the fact that IV diverges because we will later
normalize our transition amplitudes to be finite. Recognizing the Lagrangian L =
T — V in equation (21), we have

(anstalansto) = N [ladlexp [ / " Lig.d) dt} =N flagesa, @)

0

where S is the classical action, given as a functional of the trajectory ¢ = q(t).
Hence, we see that the propagator is the sum over paths of the amplitude e** la],
which is the amplitude that the particle follows a given trajectory ¢(¢). Historically,
Feynman demonstrated that the Schrodinger equation could be derived from equa-
tion (23) and tended to regard the relation as the fundamental quantity in quantum
mechanics. However, we have assumed in our derivation that the potential is a
function of ¢ and not p. If we do indeed have velocity-dependent potentials, (23)
fails to recover the Schrodinger equation. We will not go into the details of how to
fix the expression here, we will rather heuristically adopt the generalization of (23)
for our later work in with quantum fields?.
An interesting consequence of (23) is seen when we restore i. Then

(4o tldos to) = N / [dg) &S1aV/n, (24)

The classical limit is obtained by taking & — 0. Now, consider some trajectory qo(t)
and neighbouring trajectory qo(t)+dq(t), as shown in figure 4. The action evaluated
along qo is Sy while the action along ¢+ dq is Sg+9.5. The two paths will then make
contributions exp(iSy/h) and exp[i(So + d.5)/h] to the propagator. For h — 0, the
phases of the exponentials will become completely disjoint and the contributions
will in general destructively interfere. That is, unless 4S5 = 0 in which case all
neighbouring paths will constructively interfere. Therefore, in the classical limit
the propagator will be non-zero for points that may be connected by a trajectory

3The generalization of velocity-dependent potentials to field theory involves the quantization of
non-Abelian gauge fields
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Figure 4: Neighbouring particle trajectories. If the action evaluated along ¢(t) is
stationary (i.e. S = 0), then the contribution of ¢(¢) and it’s neighbouring paths
q(t) 4+ 0q(t) to the propagator will constructively interfere and reconstruct the clas-
sical trajectory in the limit A — 0

satisfying d.5(q]|q=q,; i.e. for paths connected by classical trajectories determined by
Newton’s 2" law. We have hence seen how the classical principle of least action
can be understood in terms of the path integral formulation of quantum mechanics
and a corresponding principle of stationary phase.

3 Perturbation theory, the scattering matrix
and Feynman rules

In practical calculations, it is often impossible to solve the Schrédinger equation
exactly. In a similar manner, it is often impossible to write down analytic expressions
for the propagator (qr,ts|qi, ;) for general potentials V'(¢). However, if one assumes
that the potential is small and that the particle is nearly free, one makes good
headway by using perturbation theory. We follow section 5.2 in Ryder [1].

In this section, we will go over from the general configuration coordinate ¢ to
the more familiar x, which is just the position of the particle in a one-dimensional
space. The extension to higher dimensions, while not exactly trivial, is not difficult
to do. We assume that the potential that appears in (23) is “small”, so we may
perform an expansion

tn tn 1
exp [—2/ V(z,t) dt] =1 —i/ V(z,t)dt — [
to to 2

We adopt the notation that K = K(xy,tn;xo,t0) = (Tn,tn|To,to). Inserting the
expansion (25) into the propagator, we see that K possesses and expansion of the
form:

/tth(x,t)dt]2+-~-. (25)

0

K:K0+K1+K2+--' (26)



The Ky term is
1
Ky = N/[dx] exp [i/Qm:'UQ dt] . (27)

If we turned off the potential, the full propagator would reduce to Ky. It is for this
reason that we call Ky the free particle propagator, it represents the amplitude that
a free particle known to be at xy at time tg will later be found at =z, at time t,.
Going back to the discrete expression:

i m \n/2 [ imT e 9
o= Jim () Moo | 555 o= 29
1= J]=

This is a doable integral because the argument of the exponential is a simple
quadratic form. We can hence diagonalize it by choosing an appropriate rotation of
the x; Cartesian variables of integration. Conversely, we can start calculating for
n = 2 and solve the general n case using induction. The result is

n/2 .\ (n—1)/2 : )2
Ky — lim ( m ) /2 1 <2m7’) exp [zm(zn x0) ] (29)

2miT nl/2 \' m 2nT
Now, (t, —to)/n = 7, so we finally have
1/2 . 2
m im(x, — )
K — th —t)) = | m——F— Y E— t to- 30
0(@n — o, tn — to) [27”'(%—750)} eXP[ 2t —Io) }, n>to.  (30)

Here, we’ve noted that the substitution nr = (¢, — t¢) is only valid for ¢, > t. In
fact, if K is non-zero for t, > ty it must be zero for ty > t,. To see this, we note
that the calculation of K involved integrations of the form:

L, 1 [ . 5
—00 2 0

7:71/2 100 oo
= / ﬁ dS
4 0 S

:—1/2  pico as
= O(—is) ¢

4 —100 ﬁ

ds,

where o o sign(7) = sign(t,, — to). Now, we can either choose the branch of s~1/2
to be in either the left- or righthand part of the complex s-plane. But, we need
to complete the contour in the lefthand plane if & > 0 and the righthand plane if
a < 0. Hence, the integral can only be non-zero for one case of the sign of a. The
choice we have implicitly made is the the integral is non-zero for o o (¢,, — to) > 0,
hence it must vanish for ¢, < 9. When we look at equation (8) we see that Kj
is little more than a type of kernel for the integral solution of the free-particle
Schrédinger equation, which is really a statement about Huygen’s principle. Our



choice of Ky obeys causality in that the configuration of the field at prior times
determines the form of the field in the present. We have hence found a retarded
propagator. The other choice for the boundary conditions obeyed by Ky yields
the advanced propagator and a version of Huygen’s principle where future field
configurations determine the present state. The moral of the story is that, if we
choose a propagator that obeys casuality, we are justified in writing

Ko(e,t) = 0(1) 5] 2 {“Zﬂ . (31)

Now, we turn to the calculation of K7:

Ky = —iN / (2] exp [z / %mm'Q dt] / AtV ((t), 1). (32)

Moving again to the discrete case:

. n—1 n—1
K1 = —iﬂn/z /d.Tl e dl’n_l exXp ZTTlTT Z(a:jH — .%‘j)2 ZTV(Q?i,ti), (33)
7=0 =1
where § = m/2mit and the limit n — oo is understood. Let’s take the sum over i
(which has replaced the integral over t) in front of the spatial integrals. Also, let’s
split up the sum over j in the exponential to a sum running from 0 to ¢ — 1 and a
sum running from i to n — 1. Then

n—1 . i—1
Ky = —iZT/dI‘i /Bi/2/dx1“'dxi1 exp %Z(%’H —2;)* | V(2 ts)
=1 7=0
, imr 2
Xﬂ(n_z)ﬂ / dxiJrl tee d.%'nfl exp T Z(:Ej+1 — in)Q . (34)
Jj=t

We recognize two factors of the free-particle propagator in this expression, which
allows us to write

n—1
K1 = —1 Z T / dx Ko(l‘ — X0, ti — to)V({L‘, ti)Ko(l‘n — T, tn — ti). (35)
=1

Now, we can replace Z?;llr by ft';" dt and t; — t in the limit n — oo. Since
Ko(x —xzo,t —tp) = 0 for t < tg and Ko(x, — x,t, —t) for t > t,,, we can extend the
limits on the time integration to +oo. Hence,

K = —i/d:r At Ko — 2,1 — )V (2, 1) Ko (2 — 70, £ — to). (36)
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In a similar fashion, we can derive the expression for Ks:

(_i)Q . ImT
Ky = Tﬁ /2/d901 ++dxn—1 exp 2jzo($j+1 - ;)? (37)
n—1 n—1
<> TV (24, t) YTV (ah, t). (38)
i=1 k=1

We would like to play the same trick that we did before by splitting the sum over
7 into three parts with the potential terms sandwiched in between. We need to
construct the middle j sum to go from an early time to a late time in order to replace
it with a free-particle propagator. But the problem is, we don’t know whether t¢;
comes before or after ¢;. To remedy this, we split the sum over k£ into a sum from
1 to i — 1 and then a sum from ¢ to n — 1. In each of those sums, we can easily
determine which comes first: ¢; or t;. Going back to the continuum limit:

(=)’ T | [
Ky = 51 /d:l:1 dxa / dty [/ dtaKo(zn — 21,10 — t1)
! t ¢

0 0

XV(:L’l, tl)K(](l‘l — I, tl — tQ)V(l‘Q, tz)Ko(fL‘g — X, t2 — to)

tn
+/ dtoKo(zn — x2,tn — t2)V (22, t2) Ko(xe — 21, t2 — t1)
¢

1

XV(JZl, tl)K()(xl — X, t1 — to):| (39)

But, we can extend the limits on the 2 integration to tg — ¢, by noting the middle
propagator is zero for t5 > t1. Similarly, the to limits on the second integral can
be extended by observing the middle propagator vanishes for t; > t5. Hence, both
integrals are the same, which cancels the 1/2! factor. Using similar arguments, the
limits of both of the remaining time integrals can be extended to oo yielding our
final result:

Ky = (—i)2/d:c1 dxo dty dte Ko(xy, — x2,t, — ta)V (22, t2)
XKo(xz — 1:1,752 — tl)V(xl,tl)Ko(l’l — xo,tl — to). (40)

Higher order contributions to the propagator follow in a similar fashion. The general
4 order correction to the free propagator is

Kj = (—’i)j /dml PN d.%'j dtl ce dtj Ko(xn — xj,tn — tj)
XV(ZL’j) s V(.Tl)KQ(I‘l — x0,t1 — to). (41)

We would like to apply this formalism to scattering problems where we assume
that the particle is initially in a plane wave state incident on some localized potential.

11



As t — to00, we assume the potential goes to zero, which models the fact that the
particle is far away from the scattering region in the distant past and the distant
future. We go over from one to three dimensions and write

P(xp,ty) = /dXiKO(Xf — X, tp — ) (i, i)
—i/dxi dxdt Ko(xp —x,tp — )
XV(X,t)Ko(X—Xi,t—ti)w(xi,ti) + . (42)

We push t; into the distant past, where the effects of the potential may be ignored,
and take the particle to be in a plane wave state:

1
VYin(Xi, i) = T it (43)
where we have used a box normalization with V' being the volume of the box and
pi-x = E;t; — p;-x;. The “in” label on the wavefunction is meant to emphasize that
it is the form of v before the particle moves into the scattering region. We want to
calculate the first integral in (42) using the 3D generalization of (31):

3/2
Ko(x,t) = —iO(t) <A> M (44)

™

where A\ = im/2t. Hence,
i A\
/dXiKO(Xf — Xiy tp — ti)%in(Xi, i) = v <W>
xe_iEiti/dxie)‘(xf_xi)2+ipi'xi. (45)

This integral reduces to i (xf,t¢) as should have been expected, because K is the
free particle propagator and must therefore propagate plane waves into the future
without altering their form. We also push ¢; into the infinite future where the effects
of the potential can be ignored. Then,

Y (xp,tf) = Yin(xs,t5) — i/dxi dxdt Ko(xy —x,ty — )
XV(X,t)Ko(X—X“t—tl)l/}m(xl,tz) +oe (46)
The “4” notation on 1 is there to remind us that ¢ is the form of the wave function
after it interacts with the potential. What we really want to do is Fourier analyze

YT (xf,ty) into momentum eigenstates to determine the probability amplitude for
a particle of momentum p; becoming a particle of momentum p; after interacting

12



with the potential. Defining tout(xf,ts) as a state of momentum py in the distant
future:

1 ..
/I;Z)Out(xfa tf) = W@ pf -'Ef’ (47)
we can write the amplitude for a transition from p; to py as

Spi = (Yous|P™).- (48)

Inserting the unit operator 1 = [dxf|xs,ts)(xs,t¢| into (48) and using the propa-
gator expansion (46), we obtain

Sfi = (5(pf — pi) — i/dxi de dthi/J;kut(Xf,tf)Ko(Xf — X,tf — t)
><V'(X7 t)K()(X — X;, t— ti)win(xi, ti) + - (49)

The amplitude Sy; is the fi component of what is known as the S or scattering
matrix. This object plays a central role in scattering theory because it answers all
the questions that one can experimentally ask about a physical scattering process.
What we have done is expand these matrix elements in terms of powers of the
scattering potential. Our expansion can be given in terms of Feynman diagrams
according to the rules:

1. The vertex of this theory is attached to two legs and a spacetime point (x,t).
2. Each vertex comes with a factor of —iV(x,t).

3. The arrows on the lines between vertices point from the past to the future.
4. Each line going from (x, ) to (x/,t’) comes with a propagator Ky(x' —x,t' —1t).

5. The past external point comes with the wavefunction vi,(x;,t;), the future
one comes with 9% (xr,tz).

6. All spatial coordinates and internal times are integrated over.

Using these rules, the S matrix element may be represented pictorially as in figure 5.
We note that these rules are for configuration space only, but we could take Fourier
transforms of all the relevant quantities to get momentum space rules. Obviously,
the Feynman rules for the Schrédinger equation do not result in a significant sim-
plification over the raw expression (49), but it is important to notice how they were
derived: using simple and elegant path integral methods.

13



X, b Xy, by X5, i

X b

Sﬁ = + Xy, 4 =+ + eee

X1, 4

Xi, i Xi, 4 Xi, t;

Figure 5: The expansion of Sy; in terms of Feynman diagrams

4 Sources, vacuum-to-vacuum transitions and
time-ordered products

We now consider a alteration of the system Lagrangian that models the presence
of a time-dependent “source”. Our discussion follows section 5.5 of Ryder [1] and
chapters 1 and 2 of Brown [3]. In this context, we call any external agent that
may cause a non-relativistic system to make a transition from one energy eigenstate
to another a “source”. For example, a time-dependent electric field may induce a
charged particle in a one dimensional harmonic oscillator potential to go from one
eigenenergy to another. In the context of field theory, a time-dependent source may
result in spontaneous particle creation?. In either case, the source can be modeled
by altering the Lagrangian such that

L(q,q4) — L(q,q) + J(t)q(t). (50)

The source J(t) will be assumed to be non-zero in a finite interval t € [t1,%2]. We
take 7o > to and 177 < t;. Given that the particle was in it’s ground state at
T7 — —oo, what is the amplitude that the particle will still be in the ground state
at time Ty — oo?

To answer that question, consider

(Q2, T5|Q1,T1)y = /dfh dg2(Q2, T2|q2, t2) (g2, t2|q1, t1) 7 (q1, t1| @1, T1)

= /d(h dga(Qale ™ 262 go) (go, Lo g1, t1) 5
x(qi]e” T Qy )

= / dan das (Qale™ 2 m) (mle 2 go) (2, talan, 1)

*(qule” T ) (nle" Q1)

4¢f PHYS 703 March 14, 2000 lecture
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Te-iS

Figure 6: The rotation of the time axis needed to isolate the ground state contribu-
tion to the propagator

= e BT g Q) dr (@)

X /dCh dqga o1, (q2,t2)(q2, t2|q1, t1) sPn (g1, t1),

where we have introduced a basis of energy eigenstates H|n) = E,|n) and energy
eigenfunctions ¢, (q,t) = e~ Frt{qlm) with ¢,(q) = {g|n). The J subscripts on the
propagators remind us that the source is to be accounted for. It is important to
note that ¢, (q) is only a true eigenfunction for times when the source is not acting;
i.e. prior to t; and later than t5. The integral on the last line can be thought of
as a wavefunction, ¢, (q1,t1), that is propagated through the time when the source
is acting by (g2, t2|q1,t1)s, and is then dotted with a wavefunction ¢, (g2, t2). But,
¢n(q1,t1) and ¢}, (q2,t2) are energy eigenfunctions for times before and after the
source, respectively. Hence, the integral is the amplitude that an energy eigenstate
|n) will become an energy eigenstate |m) through the action of the source. Now,
let’s perform a rotation of the time-axis in the complex plane by some small angle
—60 (6 > 0), as shown in figure 6. Under such a transformation

Ty — Ty —i[T3|6, (52)

where we have chosen the axis of rotation to lie between T and T5. We see
that the exponential term e “FnT2=EmT1) will acquire a damping that goes like
e 0 En T2+ Em|T1]) - Ag we push T} — —oo and Ty — oo, the damping will become
infinite for each term in the sum, except for the ground state which we can set to
have an energy of Ey > 0. Therefore,

lim (Q,T|Q1, ~T)y = e =T 60 (Q2) 65 (Q1) (53)
—o0e !

X /d(h dqa ¢5(q2, t2) (g2, t2|q1, t1) sPo(qi,t1), & >0,
where we have set 75, = —17 = T for convenience. Now, if we take ¢ and £; to oo

respectively, the integral reduces to the amplitude that a wavefunction which has

15



the form of ¢o(q) in the distant past will still have the form of ¢g(q) in the distant
future. In other words, it is the ground-to-ground state transition amplitude, which
we denote by

(0,00]0,—00)y o lim <Q2,T]Q1, T)s, (54)

T—o0e~ 0

where the constant of proportionality depends on ()1, @2 and T. Now, instead
of rotating the contour of the the time-integration, we could have added a small
term —ieq?/2 to the Hamiltonian. Using first order perturbation theory, this shifts
the energy levels by an amount §E,, = —ie(n|g?|n)/2. For most problems (i.e. the
harmonic oscillator, hydrogen atom), the expectation value of ¢? increases with
increasing energy. Assuming that this is the case for the problem we are doing, we
see that the first order shift in the eigenenergy accomplishes the same thing as the
rotation of the time axis in (54). But, subtracting ieq?/2 from H is the same thing
as adding ieq?/2 from L°. Therefore,

.00, o0}y o [laQlexp i [~ at |20+ 7Q+ gie?| b 59
Finally, want to normalize this result such that if the source is turned off, the
amplitude (0, 00|0, —00) is unity. Defining

JlaQlexp {i J°2, dt |L(Q.Q) +JQ + }ieQ?| }

J1dQ] exp {z 7 dt {L(Q7 Q)+ %ieQQ]}

ZJ] = (56)

we have
(0,0[0, —00) s = Z[J]. (57)

Before moving on the the next section, we would like to establish a result that will
prove very useful later when we consider field theories. We first define the functional
derivative of Z[J] with respect to J(t'). Essentially, the functional derivative of a
functional f[y], where y = y(x), is the derivative of the discrete expression with
respect to the value of y at a given x. For example, the discrete version of Z[J] is

Z(TJ(to),TJ(tl)...TJ(tn_l))oc/exp WZ[ (Q;.0))

J(t;)Q; + ;ieQ?] } 11 <@, (58)
=1

where we have indicated that the discrete version of Z[J] is an ordinary function of n
variables 7J(t;) and omitted the normalization factor. We have explicitly included

5 An alternative procedure for singling out the ground state contribution comes from considering
t to be purely imaginary, i.e. consideration of Euclidean space. This is discussed in the next section.
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the weighting factor 7 with each of the discrete variables to account for the fact
that as n — oo, each J(f)) covers a smaller and smaller portion of the integration
interval. The functional derivative of Z[J] with respect to J(tj) is then the partial
derivative of the discrete expression with respect to 7.J(t;). Going back to the
continuum limit, we write the functional derivative of Z[.J] with respect to Q(t1) as:

:;JZ(EZ]) x i/[dQ]Q(tl) exp {z/oo dt [L(Q,Q) +JQ + ;ieQQ] } . (59)

— 00

In a similar fashion, we have

5" Z[J]
5J(t1) e 5J(tn)

x in/[dQ]Q(tl) Q)

oo
X exp {z/ dt [L(Q, Q) +JQ+ ;kéf] } . (60)
—0oQ
We notice a similarity between this expression and the expression from statistical
mechanics that gives the average value of a microscopic variable in the canonical
ensemble. We argue that equation (60) gives the exact same thing: the expectation
value of Q(t1)---Q(ty). There is one wrinkle, however, which we now proceed to

outline. Consider, with £, > t/,

(ar,trla(te)a(te)|ai ts) = /dQ1"'dqn1<qf,tf!qn1,tn1)“-

(@rs trela(tr)lar—1, th—1) - - - {aw, tir lg(tar ) | @y =15 tar—1)
(g1, t1]gi, ti)

= /d‘h"’dQn—lQ(tk)Q(tk’)<Qf7tf“]n—htn—l)"‘
(q1:t1lgis ta)- (61)

By pushing ¢; — —oo e and ty — oo e

tions to show that

, We can repeat our previous manipula-

/d(h o dgn_1 q(te)g(ti) (g, 00 € P gn1,tn_1) - {q1, t1|gi, —00 %)

~ N [ldattyaten) exo [ / o

—oco e~

dt L(Q, Q)] ., (62)

which follows directly from the arguments of section 2, and

(qr,00 e ®lq(te)q(tir)|gi, —00 e~} o (Olq(tr)q(tr)|0), (63)

which follows from an argument similar to the one we used to calculate the matrix
element (0,00]0, —00); with t; = tp, to = ¢ and J = 0. Just as before, the
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rotation of the time axis can be achieved by adding ieq?/2 to the Lagrangian. This
calculation cannot be repeated for the case t; > t;» because the order of q(tx)q(tx)
in (g, trlq(tk)q(tr)|gi, ti) cannot be switched without introducing terms involving
the commutator of H and ¢. But, in order to perform the decomposition (61), we
need the late ¢ operator appearing to the left of the earlier ¢ operator. What this
means is that we must be considering the time-ordered product of ¢(t;) and g(t).
Putting all of this together along with the expression for the functional derivatives
of Z[J], we get
§2Z1J]
0J (k)0 (tr) | =g

This is easily generalized to the time order product of many g operators:

= (0|7 [q(tx)a(tw)]|0)- (64)

5" Z1J)
6J(t1) -+ 6J(tn) | =g

= i"(0[TTq(t1) - - - q(tn)][0)- (65)

We have demanded strict equality in these expression to ensure that the n = 0 case
returns (0|0) = 1. This is a very important formula for what follows.

5 Free scalar fields

We now move on to the quantum field theory of a scalar field ¢(x). In this section
we draw on sections 6.1 and 6.3 of Ryder [1], chapter 2 of Popov [4] and section 3.2
of Brown [3]. The classical field ¢ is assumed to satisfy the Klein-Gordon equation

(O4m?)p = 0. (66)
We define the vacuum to vacuum transition probability for this theory by
(07 OO|0, _OO>J = Z[JL (67)

where

Z[J] = Zlo / [d) exp {z / diz [ﬁ(qﬁ) + J(z)d + ;mﬂ } : (68)

Zy = / [d¢] exp {2 / d'z [E(qb) + ;ieqbﬂ } (69)

In this expressions, the measure [d¢| is meant to convey an integration over all field
configurations, which can be achieved in practice by dividing spacetime into N4
points (tm, i, yj, 2x), with m,4,j,k = 1...N. We can schematically merge all of
these indices into a single one n = 1... N*. The field is considered to be a collection
of N* independent variables, and the functional integration [d¢] becomes [ []; d¢.
The functional Z[J] represents the fundamental object in the theory. Knowledge of
the form of Z[J] allows us to derive all the results that we could hope to obtain from

with
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experiments involving the field ¢. Such grandiose statements need to be justified,
which we now proceed to do.

We first substitute the Lagrangian appropriate to the Klein-Gordon equation
into the expression for Z[J]:

ZlJ) = Zlo / [d¢)] exp <z / diz {; [0a00%¢ — (m* — i€)¢®] + ¢>J}> : (70)

Integrating the 9,¢0%¢ term by parts and using Gauss’ theorem to discard the
boundary term (assuming ¢ — 0 at infinity) gives

2] = Zlo /[d¢] exp (—z’/d% {;qs(m +m? — i€ — qu}) CEY

Regarding ¢ as an integration variable, we can change variables according to

d(z) — ¢(z) + do(z). (72)
Noting that
/ d*z ¢Ogy = / d*z ¢ (73)

using Gauss’ theorem and demanding that ¢g — 0 at infinity, we obtain
1 . 4 1 2 .
Z[J] = — [|dolexp | —i | d*z < —o(O+m* —ie)p
A 2
1
+¢(0 +m? — i) + 5000+ m? —ie)pg — (¢ + ¢0)J}> . (74)

Let us demand that

(O +m? —ie)py = J(z). (75)
We can solve this equation by introducing the Feynman propagator, which satisfies
(O+m® —ie)Ap(z) = 6" (2). (76)
Hence,

¢o = — / Ap(z —y)J(y)d'y. (77)

We then obtain for Z[J]:

2] = - exo | =5 [ J@)Arta - I ataay]

X / [de) exp {—; / H(O+m? —ie)g d%} . (78)
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But we know Z[0] = 1, so we must have

Zy = /[dd)] exp [; / (O + m? —ie)¢ d41:] . (79)
This leads to our final expression:
21J] = exp [—2 [1@are - i) d4asd4y] | (50)

Before we move forward, we would like to make a comment on the inclusion of the
ie¢? /2 term in our expression for Z[J]. The reader will recall that the reason that we
added this term was to simulate the effects of rotating the time axis by a small angle
—0 in the complex plane. Instead of adding the e-term, we can instead rotate the
t axis by —m/2 so that t = —ir. The metric becomes n®* = diag(—1, -1, -1, —1),
which means that we are considering a Euclidean, not Lorentzian, manifold. In that
case, the vacuum-to-vacuum transition amplitude is

210 = Zlo / [do] exp (- / drdx {; [(0:6) + V62 + m?¢?] - qu}) (8D

where V is the del-operator of 3D vector calculus. For J = 0, the argument of
the exponential is negative definite and the integral converges absolutely. So, in
some sense, the rotation of the time axis ensures that the integrals in Z[.J] are well
behaved. Another aspect the Euclidean manifold comes from the Euclidean version
of Feynman propagator, which satisfies:

(02 + V2 —mHAp(z) = 6*(x). (82)

Solving this in Euclidean Fourier space, we get

i e—m~a:
A =— dh———

F(’r) (271')4 / ,{I’i2 + m2’ (83)
where k-7 = k%7 + k- x and k% = (k)2 + k? (the i is there for convenience). If we
change variables according to kg = —ikg and 7 = it, we get

1 6—ik-$
A =— dk— 4
r(2) (2m)* // k2 —m?2’ (84)

where the kg integration is to be performed along the contour C’ shown in figure
7. But, we can rotate the contour by 90° clockwise to C, which is the standard
contour used to calculate the Lorentzian Feynman propagator, defined by (76). To
some extent, this explains why the Feynman propagator has the form that it does:
it is a direct consequence of the need to rotate the time axis to isolate the vacuum
contributions to transition amplitudes and make path integrals converge.
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Im(k,) Im(k)

Figure 7: Equivalent contours of integration for the calculation of Feynman propa-
gator in the complex ko plane. Note the poles at +w = £/[k|? + m?.

We want to calculate the time-ordered products given by

1 " Z[J]
inoJ (1) -0 (xy)

= (0|T[p(x1) - - - ¢(n)]]0)- (85)

J=0

We recall from the canonical formulation of field theory that (0|T[¢(x)¢(y)]|0) is
the amplitude for the creation of a particle at y and its later destruction at x (or
vice versa, depending on the times associated with x and y). Using (80) and our
previously mentioned notions of functional differentiation, we have

1 4

219) = 2] [ dy SrGar = )T w) (36)
The second order derivative is

15(]?@)15(]2;1)2[‘]] = Z[J] /dyl Ap(z1 —y1)J (y1) /dyz Arp(z2 —y2)J (y2)
+ iAF(xl — ZL‘Q)Z[J].

Continuing,

1 46 1 46 1 4

— iAp(xy — x0) Z]J] /dy3 Ap(r3 —y3)J (y3)

ZJ] =

— iAp(z1 —azg)Z[J]/dyz Ap(r2 —y2)J (y2)

— iAp(zy — 23)Z[J] /dy1 Ap(z1—y1)J (1)
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— ZJ] / dyr dy2 dys Ap(z1 —y1)J (y1)
X Ap(xa —y2)J(y2) Ar(zs — y3)J (y3)

Finally, we write down the fourth order derivative:

- - - 7o - 0 Z[J] = iAF(Zvl — $2)iAF($3 — .%'4)Z[J]
+ iAF(l'l — wg)iAF<1‘2 — 334)Z[J]
+ iAF(.%'Q — xg)iAF<l‘1 — .’B4)Z[J]

+ other terms that vanish when J = 0.

When J = 0, these expression give us the following time-ordered products:

(0|7 [¢(21)]]0) = (87)

Ol [¢(z1)(22)]]0) = ZAF(fm — 3) (83)

01T [¢(21)p(22)P(23)][0) = (89)
OIT[¢(z1)p(22)p(23)p(24)]|0) = ZAF(xl — 29)iAF (23 — 4)
+ iAp(x) — x3)iAp(ry — x4)

+ zAF(a;1 — $4)iAF(.CC2 — 1133) (90)

We call (0|T[¢p(x1) - ¢(x,)]|0) an n-point correlation function. Generalizing the
pattern above to T products of more field operators, we find that if n is odd, the
n-point function vanishes. On the other hand, if n is even, the correlation func-
tion reduces to the sum all possible permutations of products of 2-point functions
iAp(x — y) with =,y € {z1,...,2,}, ¢ # y. When this result is derived from
canonical methods, it is know as Wick’s Theorem.

It is interesting to interpret these results in terms of the Taylor series expansion
of Z[J] about J = 0. To make sense of this object, recall that the Taylor series
expansion of a function of a finite number of variables is

oo k k 1 o"F
F(yi, ..., yp) = 2_32_31 ZZ R T

1
- Oy, (1)

y;i=0

This is expansion is taken about the zero of all of the independent variables. As-
suming the variables are weighted appropriately, when we go to the continuum limit
k — oo we obtain that

> 1 onF
= nzo ﬁ /d%’l e dxy y(xl) o y<$n) 5y(x1) L 53/(%)

Using this expansion, we obtain

(92)

y=0
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Figure 8: Pictorial representation of the free field generating functional Z[.J]

,L'2

Z[J] =1+ 21 dxq dxs J(Scl)J(xQ)iAF(Il - 332)
4
+ % dl‘l dl’g d]]g d.%'4J(.7}1)J($2)J(Z‘3)J(.Z‘4)

X [iAF(z‘l — 29)iAp(xs — x4) + iAp(x1 — 23)iAp(x2 — 24)
+ iAp(xy — x4)iAp(zg —23)| + -+ (93)
This result is depicted diagrammatically in figure 8. In this figure, we use the
following Feynman rules:
1. Each line is connected to a sink and a source.
2. Each sink or a source is labeled with a spacetime point.
3. A line running between z and y comes with a propagator iAp(x — y).
4. Each source or sink attached to x comes with a factor iJ(x).
5. The collection of all graphs with n sources and sinks is multiplied by 1/n!.
6. All spacetimes coordinates are integrated over.

This first rule ensures that we only include diagrams with an even number of vertices
and that we only consider disconnected graphs. The Feynman diagrams illustrate
the correspondence of Z[J] to the vacuum-to-vacuum transition probability beauti-
fully. Each term in the graph involves the creation of a particle at some point and
its destruction at a later point. The three terms in the 4-vertex graph account for
all possible permutations of particle being created/destroyed at a pair of z1, x2, 3
or z4. What we would like to do now is move on to the more interesting case of
interacting fields.

6 The generating functional for self-interacting fields

While free field theory has a certain amount of elegance to it, it is not terribly
interesting. In this section, we consider a self-interacting field whose Lagrangian is
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given by . .
L(6) = 30a0 96 = 526 + Lin(6) = Lo(é) + Lin(9): (94)

The discussion follows section 6.4 of Ryder [1]. Here, Lin(¢) is the Lagrangian
describing the self interaction. The generating functional is

[dp] exp (iS +i [ d*z T )
J1ddles ’

=1 (95)

where S is the classical action
S = / d*z [Lo(¢) + Lint(8)] = So + Sint- (96)

We have dropped the ie¢?/2 term used to single out the ground state, which we can
rationalize by the rotation of the time axis. In this section, we will write the free
field propagator as

[do] exp (2'50 +i [ dix JQS)
Jldg)eiso '

We would like to write Z[J] in a form particularly useful for calculations. We
can’t really reproduce the manipulations of the last section because the Ly in the
action S introduces difficulties when the shift ¢ — ¢ + ¢ is performed. We will
instead derive a differential equation satisfied by Z[J] and then solve it in terms
of J(z) and the Feynman propagator. The result will be something that we might
have guessed intuitively. What is the equation satisfied by the free field propagator?
Now, we know that

ZolJ] = /

(97)

1 6

e Bl = ~Zal] [ v srte=I0). (98)

We operate on both sides with [, +m? and use the defining relation for the Feynman
propagator (76) to get:
1 9

Oz + m2)f

; WZO[J] = J(x)Zo[J]. (99)

The is the differential equation satisfied by Zy[J]. In order to find the differential
equation satisfied by Z[J], let us define the functional

. oS
Z]¢] = Tido] e (100)

Then

Z[J] = /[d¢]2[¢] exp <i/d4x J¢), (101)
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which is the functional equivalent of the Fourier transform. We can functionally
differentiate Z[¢] with respect to ¢ using

1 1
S = /d4x [28a¢8a¢ — §m2¢2 + Eint(¢)]
1
— —/d4$ |:2¢(|:| —|—m2)¢ — Eint:| s (102)
where Gauss’ theorem has been used. The superiority of the latter form is that we
can integrate twice by parts to change d)ﬁgb into qSEgb. So, when we functionally

differentiate, we can make sure that the ¢ being acted on by the [J operator is
different from the ¢ being acted on by the §/d¢. We get

SZI0) _ s ()
where o
Li(6) = a;ft (104)

and 0 = O,. We multiply both sides of (103) by exp[i [ J(y)¢(y) d*y] and integrate
over ¢, i.e. we take the Fourier transform. The RHS of (103) becomes

RHS = Zl (O +m?) /[d¢]¢(m) exp [iS—i—i/J(y)qﬁ(y) d4y]

0

1 / . .
- 5 Jdtu@ e is+i [ Twow ). (105)
where we have written
Zy = / [dg|e™. (106)
Now, it’s easy to see
St = [aaewen|is+i [sweway|. o

which leads to

CML))” 210 = o [1d6] ") exo [mi [ 1w dﬂ S (o)

Now, we assume that L! ,(¢) possesses a Taylor series expansion in ¢. We can then

reproduce the second term in (105) by adding together a series of contributions of
the form of (108). Hence,

RHS = (04 m?)+ gf}i % L (; - Ji@) 210, (109)
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The Fourier transform of the LHS of (103) becomes

LHS = / 4 1i§(f;exp{ / T)ota) ']

(
@) exp [z J(y d4 } ‘
¢$—00

i / [d¢]2<¢>mexp [ [ 1w d4y]

~ [1a617@)2()exp [ [ wew) d‘*y]
= J(z)Z[J]. (110)

In the second line we have performed a functional integration by parts, which follows
from the fact that the functional derivative satisfies the product rule and functional
integral obeys the fundamental theorem of calculus. The boundary term must vanish
as ¢ — oo because if it didn’t, the integral for Z[J] would diverge. Putting together
our formulae for the LHS and RHS of the Fourier transform of (103):

19z1) (1 )
i 6J(x) ™ \doJ(x)

(O +m?) ) Z[J] = J(x)Z]J]. (111)

This is the differential equation satisfied by Z[J]. We see that if the interacting
Lagrangian is set to zero, the result reduces to (99).
We will assume a solution of the differential equation of the form

Z[J] = Nexp [z’/d%ﬁim (15]” ZolJ] (112)

partly because this is what we might expect from £ = Lo+ Ly if we replace —id/d.J
with ¢, as we usually do, partly because we know it’s the right answer. As usual,
N is a normalizing factor. Let’s first establish and identity:

exp [—ifd4y£int (%W)} J(z) exp [ J d*y Lint (%%)]
J(x) = Liy (z G )) (113)

The first step is to notice that the commutator of J; and 9/9.J; when acting on a

function of (Ji,...,J,) is given by the well known relation
10
Jiy, == | = . 114
[ ] 8Jk:| 10k ( )
The continuum limit (n — oo) of this is
1 9
J ——| =id(x —y). 115
@)t 5] bt (115)



Now, it’s not hard to see that if A and B are operators whose commutator is a
number a, then

[A, B] = a,
[A, B?] = 2aB,
[A, B3] = 3aB?,

[A, B"] = naB™ %

[J(m), (1;@)” — iz —y)n C(Sj(y))n_l . (116)

Assume that Ly (¢) possesses a Taylor series expansion

Hence,

o

@) = ot 1o+ esd® + = D end” (117)

n=0

Since [A, (B + C)] = [A, B] + [A4, C], we can write

1.3 e (1)

, =1 16 \"!
:Zé(x_y);(n—l)!cn<7j6J(y)> . (118)

n=0
But - -
/ _ Q n—1 __ 1 n—1

Using this an integrating (118) with respect to y gives

[J(:v),i/d“yﬁmt <15J§(y)>] =L, (1%) (120)

where we have scaled Ly by ¢. Finally, note that the Hausdorff formula gives
e BAeP = A4 A, B (121)
when [A, B] is a number. Putting (120) into (121) with A = J(z) and B =

i [ d'y Lint (—i6/8J (y)) yields (113).
Using our assumed form for Z[J] (112) and the identity (113) we get

J(x)Z[J] = NJ(x)exp [z’ / d*y Ling (1(;@)” ZolJ]

el foven (Lt - ()
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= Nexp [i/d4y£int (1&]5@” (O, +m2)16j(x)zom
e (i) Vool ven (i) i

B 16210 ., (1 ¢
= (Dx+m2)gm — Ling <i5J(w)) Z[J].

In going from the second to the third line, we have used the differential equation
satisfied by Zp[J] (99). This result is just the differential equation (111), which
confirms that we can write

Z[J] = (122)

exp [ [ d*z Ling (% J5 ))} ZolJ]
exp[ fd T Lint (l J

N———

—_
N
=~

<

o

where we have

Zol ] = exp [—i [ 1@8r( =)0 ds d‘*y} . (123)

2

With these two equations, we have succeeding in writing down the generating func-
tional entirely in terms of the source J and the Feynman propagator Ap.

7 ¢* and ¢’ theory
We would like to demonstrate the calculation of the generating functional Z[J] and
some n-point functions in the case of self-interacting ¢* and ¢3 theory. We follow

section 6.5 of Ryder [1] and chapter 2 of Popov [4]. We first consider ¢* theory,
which has the interacting Lagrangian:

Ling(¢) = — 50" (124)

It goes without saying that ) is small. The generating functional Z4[.J] for ¢* is

exp[ A (ZMZ))}ZO[J]

ZylJ] = (125)
exp[ 2 Jdiz (i) ]ZO[J]’JZO
The numerator of Z4[J] is, to first order in A, is:
) 15 \*
num Za[J] = [1—4'/d . (mj(z)) +| Zol. (126)
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Performing the functional differentiation, we obtain

P
num Zy[J] = {1 — Z‘/d‘lz

+ (/ o Ap(s — x)J(x)>4

where we have written Ap(z — z) = Ap(0)%. We also get

Jozﬁ_z/mzpmym+~}%m.uw

Putting the two results together yields, to order A, we have:

Zy[J] = {1 — Z\/d4z 6iAr(0) </d4xAF(z—x)J(x)>2

- </ d*z Ap(z — x)J(x)>4

Now, let’s do the same thing for ¢ theory, where the interacting Lagrangian is

—3A%(0) + 6iAF(0) ( / d'z Ap(z —x)J (@)2

_|_...}ZO[J]7 (127)

denom Zy[J] = num Zy[J]

—i—} Zo[J], (129)

A
Lini(9) = —5;0" (130)
The numerator of the generating functional is
3 ix [y (1 6 Y
num Z3[J] = exp [—?)!/d z <i5J(z)> ] Zo[J]. (131)
Expanding to order A, we get
i\
num Z3[J] = {1 - ;‘/d‘lz [—3iAF(0)/d4xAF(z—x)J(:U)

- (/ do Ap(z — a:)J(x)>3

If we set J = 0, the above reduces to unity. So, the denominator of Z3[J] is 1, to
first order in A, which yields:

+} Zo[J). (132)

+} ZolJ). (133)

5The Feynman propagator evaluated at zero is, of course, infinite. It’s inclusion in the generating
functional represents the infinite self-energy of particles in the theory and must be regulated by
renormalization, which we will not consider here.
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Figure 9: Pictorial representation of the generating functional for ¢* and ¢* theory
respectively

We can represent the two generating functionals Z4[J] and Z3[J] diagrammati-
cally with the following Feynman rules:

1.

6.
7.

The spacetime point z; is associated with internal points, all other variables
go with external points (recall that z; is the coordinate that occurred in the
interacting Lagrangian).

. A line between x and z comes with a propagator Ap(x — z).

. Each internal point comes with a factor of i\/4! for ¢* theory, iA/3! for ¢3

theory.

. External points z come with a factor J(z).

. Terms of the form Ap(0) represent closed loops, or propagators who begin

and end at the same point, joined to internal points.
All spacetime points are integrated over.

Each term in the series is multiplied by the free particle propagator Zy[J].

These rules give the pictures in figure 9 for Z4[J] and Z3[.J]. These diagrams stress
the general structure of the two theories. Because of the power of 4 in the interact-
ing Lagrangian in ¢* theory, the vertices in the associated Feynman diagrams are
attached to 4 legs. Similarly, the vertices in ¢3 theory are attached to 3 legs. A
peculiarity of ¢3 theory is the diagram with only one external point. As we will see
below, this gives rise to a one point correlation function which means that particles
in ¢ can spontaneously self-destruct.

30



Figure 10: Pictorial representation of the two-point function (0|T'[¢(x1)¢p(x2)]|0)4 for
¢* theory (top) and of the one-point function (0|T[¢(z1)]|0)3 for ¢* theory (bottom)

Let’s calculate the 2-point function for ¢* theory:

B 62 Z4[J]
The functional differentiation is easy to do from (129) using the our previously

derived formulae for derivatives of the free field propagator (87) — (90). The result
is

O|T[p(z1)9(22)]]0)4 = (134)

J=0

<0’T[¢5($1)¢(.’L‘2)”0>4 = ZAF(xl — 1‘2) — ;\AF<0)/C[4Z AF<1‘1 — Z)AF(Z — .’L'Q)

+ 0(\?). (135)

This can be turned into a Feynman diagram, as in figure 10, using rules similar
to the ones for Z[J], except now the only the internal points are integrated over.
Figure 10 shows how the amplitude for the creation of a particle at point z; and its
later destruction at zy is modified by an (infinite) loop diagram to first-order in A
in ¢* theory.

Now, let’s get the 2-point function in ¢ theory. It is simply calculated

82z
57 (@) (a1) | g

This isn’t terribly interesting, we see that there are no corrections to the free field
result to this level in perturbation theory. We shouldn’t be surprised, there is no
way to connect to external lines to a single vertex if the vertex must be attached
to three lines. However, there is a way to connect a vertex to one external line and
one internal line, as shown in figure 10. This is borne out by the calculation of the
one-point function:

(OIT[¢(x1)9(22)]|0)3 = = iAp(er —22) + O(N?).  (136)

 8°Z3]]
! 5J($1)
— Z\Ap(o)/d‘*z Ap(z —z1) + O(N\?). (137)

(0|T[p(21)]]0)3 =

J=0
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Figure 11: Pictorial representation of (0|7[¢(z1)¢(z2)d(23)]|0)3, the three point
function, for ¢ theory

Certainly a strange beast, this represents the amplitude of a particle being sponta-
neously created out of the vacuum, all by itself’”. We can also calculate the three
point function

2
O sanoteao(a]0)s = i s
= —/\/d4z AF(Z — xl)AF(z — $2)AF(2 - $3)

+ %AF(O) /d4z [AF(Z — xl)AF(xQ — 373)
+ Ap(z — x2)Ap(z3 — 1)
+ Ap(z — x3)Ap(z1 — x2)]. (138)

The first integral involves all the external legs attached to the same point, i.e. two
particles merging into one or one particle splitting in two. The second integral
is the product of free 2-point functions and the 1-point function we have already
calculated. The diagram is in figure 11.

We have hence shown how the generating functional and n-point functions can
be found from simple functional differentiation of equations (122) and (123) and
expressed in terms of Feynman diagrams. These diagrams can be converted into
scattering amplitudes via the LSZ reduction formula®:

(P1,--+,Pn,+20|q1, - - ., Qm, —00) = disconnected terms
+ (i)"+m/dy1---dyn dry---dzy,
« ei(p1-y1+---+pn-ynfq1-:Jcr---fqm-:rm)

X (Oy, +m ) -(Oy, + mz)
X (Ozy +m ) (Og,, + m2)
X (0|T[B(y1) - - P(yn)p(1) - - - p(2)]]0).

"However, such a process would be forbidden on energy grounds
8cf PHYS 703 March 16, 2000. Brown [3] claims that this formula can be obtained via path
integral methods, by he presents a proof using the canonical formalism.
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In practice, these scattering amplitudes are the only meaningful quantities in quan-
tum field theory since they are the only things that can be directly measured. So,
having arrived at a point where we can calculate (p1,...,Pn,+00|qQ1, ..., Qm, —00)
using the generating functional, we have completed our formulation of self-interacting
field theories in terms of path integrals.

More complicated theories, such as QED, can be quantized in terms of path-
integrals, but there are several issues that need to be addressed when writing down
Z|J] for gauge fields. One finds that Z[.J] is infinite for gauge fields A%, because the
[[dA®] integration includes an infinite number of contributions from fields related
by a simple gauge transformation. The resolution is the addition of gauge fixing
terms to the Lagrangian and the appearance of non-physical “ghost fields”. Such
things are beyond the scope of this paper.

8 Conclusions

We have demonstrated how quantum mechanics can be formulated in terms of the
propagator that represents the amplitude of a particle travels from some initial
position to some final position. We have determined the form of the propagator to
be a sum over paths of the amplitudes associated with the particle traveling along
a given trajectory. The amplitude associated with the path ¢(¢) was shown to be
eSldl | where S [q] is the classical Lagrangian. We used this form of the propagator
to derive Feynman rules for the Sy; matrix in non-relativistic scattering problems.
Then, we showed that by adding a source J(¢) to the Lagrangian and rotating the
time axis in the complex plane, the propagator Z[J] reduces to the ground state-
to-ground state transition amplitude. Functional derivatives of Z[.J] with respect
to the source J(t) were shown to give the time-ordered product of configuration
operators ¢(t).

We generalized the propagator to free scalar fields and expanded Z[J] in terms
of Feynman diagrams by expressing it in terms of the Feynman propagator and
the source J(z). In the process, we derived some n-point correlation functions by
differentiating Z[J]. We discussed how the rotation of the time axis needed to
isolate the vacuum-to-vacuum transition probability is directly responsible for the
prominent role that the Feynman propagator plays in field theory. We developed a
formalism to deal with self-interacting fields and expressed Z[J] entirely in terms of
Ap(x), J(z), and the series expansion of the interacting Lagrangian. For both ¢?
and ¢ theory, we expressed Z[.J] and some n-point functions in terms of Feynman
diagrams. Since the scattering problem is essentially solved once the procedure
for calculating n-point functions is specified (ignoring issues of renormalization), we
have hence shown how all of the theory of self-interacting scalar fields can be derived
from path integrals.
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